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BOUNDARY HOLDER AND L? ESTIMATES
FOR LOCAL SOLUTIONS OF THE TANGENTIAL
CAUCHY-RIEMANN EQUATION

CHRISTINE LAURENT-THIEBAUT AND MEIL-CHI SHAW

ABSTRACT. We study the local solvability of the tangential Cauchy-Riemann
equation on an open neighborhood w of a point zg € M when M is a generic
g-concave C'R manifold of real codimension k£ in C", where 1 < k < n — 1.
Our method is to first derive a homotopy formula for 9, in w when w is
the intersection of M with a strongly pseudoconvex domain. The homotopy
formula gives a local solution operator for any 94-closed form on w without
shrinking. We obtain Holder and LP estimates up to the boundary for the
solution operator.

RESUME. Nous étudions la résolubilité locale de l'opérateur de Cauchy-
Riemann tangentiel sur un voisinage w d’un point zp d’une sous-variété CR
générique g-concave M de codimension quelconque de C™. Nous construisons
une formule d’homotopie pour le 9 sur w, lorsque w est I'intersection de M et
d’un domaine strictement pseudoconvexe. Nous obtenons ainsi un opérateur
de résolution pour toute forme dp-fermée sur w. Nous en déduisons des esti-
mations LP et des estimations holderiennes jusqu’au bord pour la solution de
I’équation de Cauchy-Riemann tangentielle sur w.

1. INTRODUCTION

In this paper we study the local solvability of the tangential Cauchy-Riemann
equation d, on an open neighborhood w of a point zg € M when M is a generic
CR manifold of real codimension k£ in C", where 1 < k < n — 1. We assume
that M is g-concave near zo (see Definition [222.1). Our method is to first derive
a homotopy formula for 9 in w when w is the intersection of M with a strongly
pseudoconvex domain. The homotopy formula gives a local solution operator for
any Op-closed form on w without shrinking. We obtain Holder and LP estimates up
to the boundary for the solution operator.

Let C*(w), 0 < a < 1, be the space of Hélder continuous functions of order « in
w. We use Cy, (W) to denote the space of (n, s)-forms with C*(@) coefficients. The
norm in C;} (@) is defined to be the sum of the C*(@) norm of each coefficient. We
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152 C. LAURENT-THIEBAUT AND M. C. SHAW

also denote by Li’n o(w) the space of (n, s)-forms with L?(w) coefficients, 1 < p <
00. The norm in Lfn,s)(w) is denoted by || ||z» for (n,s)-forms. Our main results
are the following.

Theorem 1.0.1 (Homotopy formula for 8;). Let M be a strictly g-concave generic
CR manifold in C™ with zo € M. Let § be a strictly pseudoconvexr domain contain-
ing zo in C™ with C® boundary and with w = M N Q. For any s, n —k —q+1<

1
. . — . 5 —€
s <n—k, there exists a continuous operator Ts_y from Cy, s(@) into C2 4

that for any f € Cy (@) with Of € Cy 41(D),

(@) such

f :ngsflf"‘ngf'

Theorem 1.0.2 (Hélder and LP estimates for ;). Let M be a strictly g-concave
generic CR manifold in C™ with zg € M. Let  be a strictly pseudoconvexr domain
containing zg in C™ with C3 boundary and with w = M NQ. For any f € L .\ (w)

_ (n,s)
with Opf =0 inw, 1 <p<ocandn—k—q+1<s<n-—k, there exists an
operator Ts_1 satisfying Oy Ts_1f = f in w such that the following estimates hold:
1) ||T571f|\L%_6 <C|fllLr, for any small € > 0.

(

2) |1 Te-1fllpw < Cllfllee,  where L =1 — Lo and 1 <p<2n+2.
(3
(
(

)

) [Tas fllpwr < Cllfllir.  where p=2n+2 and p < ' < co.

) | To-1fllca-c < C||fllLe, where2n+2<p<oo, a=4— "Tfl and € > 0.
)

5) | Tocrfll . < Cllflis  Jor any e > 0.
Corollary 1.0.3. Under the same assumption as in Theorem [L12Z}, the range of
Oy 1s closed in L’(’nﬁs) (w) spaces for 1 < p < oco.

The L? estimates will give the Hodge decomposition theorem for 0y and the
existence of the J,-Neumann operators.

Corollary 1.0.4. Under the same assumption as in Theorem [[.0.3, the following
strong Hodge decomposition theorem holds: Forn—k—q+1 < s <n—k, there
exists a linear operator Ny : L(Qn,s)(w) — L(Qn,s)(w) such that

(1) Ny is bounded and Range(Np) C Dom([y).

(2) For any f € L%n s (W), we have

f =00, Nof @ 0,0 No .

(3) If f € L2, ) (w) with Dpf =0, then f = 0y, Nof.

The solution u 2_5;Nbf is called the canonical solution, i.e., the unique solution
orthogonal to Ker(0p).

Although our theorems are stated for (n,s)-forms, it is clear that they can be
extended to any (r, s)-forms for 0 < r < n.

It is well known (see [7]) that on a hypersurface, if the Levi form satisfies Kohn’s
condition Y'(s) at one point, then the Poincaré lemma holds for (r, s)-forms in a
neighborhood of the point. Local solvability for d; on hypersurfaces has also been
investigated in earlier works of Andreotti-Hill [2], Treves [2I], Boggess-Shaw [5]
and Laurent-Thiébaut-Leiterer [IT]. When M is strongly pseudoconvex, homotopy
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formulas were first obtained by Henkin [8] using integral kernels. Local solvability
was also studied in Laurent-Thiébaut-Leiterer [13] and Shaw [19] for C'R hypersur-
faces with mixed Levi signatures.

In this paper we obtain a homotopy formula for 9, on w with Holder and LP
estimates on C'R manifolds with higher codimension. The g-concavity assumption
can be viewed as a generalization of condition Y (s) for appropriate degree s to
the higher codimension case. The local solvability of the 9, equation in g-concave
CR manifolds goes back to Naruki [15], Henkin [9], Airapetjan-Henkin [I] and
Nacinovich [14]. A homotopy formula for 9, for forms with compact support on
g-concave manifolds was constructed earlier by Barkatou [3] and Barkatou-Laurent-
Thiébaut [4]. A microlocal version of the local homotopy formula for d; on ¢-
concave manifolds was studied by Polyakov [16]. Optimal Holder and L? estimates
for O, have been proved using Campanato spaces in Shaw-Wang [20]. All these are
results on the interior regularity for 9, and .

The previously known results for the boundary regularity for 9, are for strongly
pseudoconvex or g-concave hypersurfaces. If M is a strongly pseudoconvex hyper-
surface and w is a domain in M such that bw is the intersection of M with a Levi-flat
hypersurface, then one can construct a solution operator which is bounded in L?.
It was proved in Shaw [I8] that, in this setting, L” estimates for the local solutions
for 9, up to the boundary are best possible. If M is a g-concave hypersurface and
w is the intersection of M with a bounded strictly pseudoconvex domain, a solution
operator is constructed in Laurent-Thiébaut-Leiterer [13] and Hélder C %*6, € >0,
estimates up to the boundary are obtained.

For g-concave C'R manifolds of higher codimension, it follows from the the results
in Barkatou-Laurent-Thiébaut [4] that for any given continuous form, the regularity
of the solution inside the domain is actually C 2. The regularity up to the boundary
proved in Theorem [0l is € less than the interior regularity. It is not known if one
can remove the € for the boundary regularity. This phenomenon is similar to the
case of the d equation in domains with piecewise strictly pseudoconvex or g-convex
boundary (see [17] and [12]).

In contrast to the Holder regularity discussed above, the solution operator we
constructed in Theorem also has a gain of regularity in LP spaces, but the
gain is strictly less than the interior regularity. Actually the interior regularity is
given by an operator of weak type 522— and the boundary regularity is given by an

2n—1
gZﬁ This phenomenon is new and has not been observed

operator of weak type
before.

The plan of this paper is as follows: in section [ we construct the homotopy
formula for the local solution of 9, on w for smooth dy-closed forms. In section B]
Holder estimates are obtained. We also obtain better Holder regularity in the com-
plex tangential directions. In section [£J] a new homotopy formula for the kernel
which involves only integration on w is derived to facilitate the estimation of the
kernels in L? spaces. The estimation for smooth 0y-closed forms and the approxi-
mation argument necessary to pass from a priori estimates to actual estimates are
carried out in subsection [4.2.

Part of the work was completed while the first author was visiting the University
of Notre Dame and the second author was visiting the Institut Fourier, Université
de Grenoble, France. The authors would like to thank both institutes for their
hospitality during their visit.
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2. HOMOTOPY FORMULA ON C'R MANIFOLDS

2.1. Kernels attached to a generic C'R manifold. Let M be a generic CR

manifold of class C3 in C", U an open subset in C" and py, ..., py some functions
of class C? from U into R such that
MNU={zeUlp(z) = =pr(z) =0}

and satisfying 9p1(2) A--- A Opr(z) # 0 for € M N U.
Let C' > 0 be a fixed constant. We set, for j =1,...k,

k
Py :ﬁj+CZﬁ12/a

v=1

(2.1.1) X
pi=—pi+CY P
v=1
We define 7 to be the set of all subsets I C {£1,...,+k} such that |i| # |j] for
all i,j € I with i # j. For I € Z, |I| denotes the number of elements in I. Then
Z(),1 <1<k, isthesetofall I € Z with |I| =1, and Z'(l), 1 <1 < k, is the set
of all I € T of the form I = (i1,...,4;) with |i,| =v forv=1,... 1.
If I € Z and v € {1,...,|I|}, then 4, is the element with number v in I after
ordering I by modulus. We set I(¥) =TI\ {i,}.
If I € Z, then
sgnl = 1 if the number of negative elements in I is even,
sgnl = —1 if the number of negative elements in [ is odd.
Let (e1,...,ex) be the canonical basis of R¥, and set e_j = —e; for every 1 <
j<k.LetI=(i1,...,4) beinZ(l),1 <1<k, and set

l l
A[ = {Z/\je'ijl/\i Z 0,1 S 7 S l,Z/\z = 1}.
=1

j=1

As M is of real codimension k, the union of the A;’s, I € 7, may be identified with
the set of the normal directions to M at each point.
For each A € Ay, we denote by px a defining function of M in the direction \,

Px = A1piy + o+ Akpiy -

A C?%-map ¢y : U x U — C" such that (5((,2),¢ — 2z) = 1 is called a Leray
section in the direction .

From now on, we assume that 1, depends smoothly on A.

We denote by D a relatively compact open subset of U and for I € Z, I =
(i1,...,4|7]), we define

Dy ={pi, <0rN---N{pi, <0}ND,
Dy ={pi, >0}0---N{pi, >0} ND,
Sr=A{pi, =0,...,pi;, =0} N D.
These manifolds are oriented as follows: Dy and D7 as C" for all I € Z, S{j} as the

boundary of Dy, for j = £1,..., £k, Sy as the boundary of S ﬁﬁ{im} for all
Ie€Z,|I|>2 and MND as Sy with I ={1,...,k}.

(1))
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If1ez(),l<k, we set
wl(<7 Z, >‘) = wA(Cv Z)
for € Dy, ( € Dy with z # ¢ and A € Aj.
We denote by X a C%-function from [0, 1] into [0, 1], which satisfies X (A) =0, if
0<A<1/4,and X (\) =1,if 1/2< A< 1.

IfT1eZ(l),1<I<k, for A€ Agr with Ag # 1, let :)\ be the point in A; defined
by

o )‘iu B
i, = T (v=1,...,0).
We set
212 dw(CaN) =X Qo) + (1= X (Ga)er (€2 )

for every I € Z(1), 1 <1< k,z€ Dy, ( € E; with z # ¢ and A € Ag;. One may
notice that 1y; is a function of class c2.

We can now define the kernels Ko;(¢,2,\), for z € Dy, ¢ € 5; with z # ¢ and
A€ Agr, by

(—1)nn=1)/2
(2im)m™
and the kernels K;(¢, z,A) by
(_1)n(n71)/2
(2im)™
The kernels Ko; and K7 are differential forms of class C! and degree 2n — 1 and,
from Proposition 3.9 in [10], we have

(2.1.5) (5(7Z+d)\)K0[(C,Z,/\) =0.

(213) KOI(Q; Z, )‘) = <w017 d(c - Z)> A <(54’Z + d)\)w()[a d(C - Z)>n_1a

(2.14) Ki(¢2,A) = ($r,d(¢ = 2)) A(Oc,z + dx)ipr, d(¢ — )" .

Finally we set, for z € Dy, ¢ € 3; with z # (,
COI(C?’Z) :/ KOI(C?'Zv)‘)a
AEADT

CI(C?’Z) _/)\eA KI(C?'Zv)‘)'

Proposition 2.1.1. The kernels Cor(¢,2) and Cy((,z) are differential forms of
degree 2n — |I| — 1 and 2n — |I|, respectively, of class C' for = € Dy and ¢ € ﬁ;
with z # (, which satisfy the partial differential equation

0.Cor + 8cCor = Cosr) — Cr,
with Cos(ry = S04 (=1)" Corgp).
The next lemma is proved in [4].

Lemma 2.1.2. Let f be an (n,r)-form of class C' with compact support in DN M.
Then fCESI f(Q) AN Cor(¢, 2) defines an (n,r — 1)-form of class C:¢ on Dj.
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Now set

(2.1.6) Bu(¢2)= Y sen(I)Cor((,2)

IeT/ (k)
for (,z € M N D with { # z, and denote by [Ba]p,s the part of By that is of
bidegree (p, s) in z.

2.2. Fundamental solution for the tangential Cauchy-Riemann operator
on g-concave generic C'R manifolds. In this subsection we assume that the
generic C R manifold M is g-concave.

Definition 2.2.1. A generic C'R manifold M in C™ of real codimension k is ¢-
concave, 1 < g < 77 if for all z € M and all A € R* the restriction of the Levi
form of the defining function p, in the direction A to the complex tangent space

T;CM of M at z admits at least ¢ negative eigenvalues.

It follows from Lemma 3.1.1 in [1] that we can choose the constant C' in (1.
such that the functions p;, —k < j < k, j # 0, have the following property: for
each I € 7'(k) and every A € Ay, the Levi form of the defining function py of M in
the direction A has at least g + k positive eigenvalues on U’ CcC U. Then using the
method developed in section 3 of [I2], we can construct for each A a Leray section
in the direction A, which has some holomorphy properties and depends smoothly
on A. Let us recall the main steps of the construction.

Denote by F»(¢,.) the Levi polynomial of py at { € U. For ( € U, z € C",

—2228” ﬁf T (G = ) - )
0G0, & )G )
Let G(n,q + k) be the grassmannian of all subspaces of C" of dimension q + k.
We consider, for all I € Z(k), a smooth map

Tr AI—>G(n,q+k)
such that the Levi form of the defining function py of M in the direction A is
positive definite on T'(\) for all A € Ar.
Denote by P the orthogonal projection from C" onto T7(\) and set Q* =

Id — P*. Taylor’s theorem implies that there exist a domain D cC U’ and two
positive constants « and A such that

(221)  ReFy(G,2) > pa(¢) — palz) +al¢ — 22 — AIQNC — 2)P
for (,z € D.
Since py is of class C? on U, we can find C* functions a;‘k, jk=1,...,n, on
U’, depending linearly on A, such that for all { € U’
82p)\ Q
2.2.2 Y — < —.
( ) a’]k 8C_]8ck (<)| 2n2

Then setting

ap n
_22 85 =) = Z “?k(gj—zj)(@—zw,
! Jh=1
it follows from (Z2.7]) and ([Z22)) that, for {,z € D,

(2.2.3) ReFA\(C,2) > palC) — pa(2) + %K — 22— AJQMC - )
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Denote by (ij)j w1 the entries of the matrix Q*, and set for ((,z) € C" x U’

n

(Cv ap)\ Z a’]k A Z Qj)\k (Ck - Zk)v

k=1
w)\(Ca Z) = (wl (Cv Z)v cee 7wn(<7 Z))v
@A(Cv Z) = <’U))\(<, Z)v C - Z>7

¥a(,2) = g;ggj

Since Q* is an orthogonal projection, we have
®A(C,2) = Fa(¢,2) + AQMN¢C = 2)
and it follows from (2:23) that

(2.2.4) Re®,(¢,2) > pa(C) — palz) + %IC —2|?

for (,z € D.

We shall say that a map f defined on some complex manifold X of complex
dimension n is [-holomorphic if, for each point £ € X, there exist holomorphic
coordinates hi,...,h, in a neighborhood of £ such that f is holomorphic with
respect to hy,...,h;.

Lemma 2.2.2. For every ¢ € U’, the map wx(¢,z) and the function ®,(¢,z)
defined above are (q + k)-holomorphic in z.

This holomorphy condition implies the following vanishing properties of the ker-
nels C7.

Lemma 2.2.3. We assume that for I € Z(l), 1 < 1 < k, the functions 1y are
(q + k)-holomorphic with respect to the variable z. Then for each fized ¢ € 3;

[Ci(¢,2)pr=0 i 0<p<n and n—k—qg+1<r<n-—k,
EZ[CI(CVZ)];D,nfqu:O ’Lf nggn’

on Dy \ {¢}, where [C1((, 2)]p.r denotes the part of bidegree (p,r) in z of Cy.

It is proved in [4] that the kernel Bjs defined by (ZZ1.6) is a fundamental solution
for the 9, operator on M, i.e.,

(2.2.5) 9:[Bulpr—1 + 0cButlpr = (1) 5
forO0<p<mnandn—k—qg+1<r <n-—k,if [A(U")] denotes the integration
current on the diagonal of U’ x U’.

For all I € Z'(k), we denote by Ie the multi-index (i1,...,ix,®), where I =
(i1,...,%x), and by Z’(k, e) the set of all multi-indexes e, with I € Z'(k). We set
Po = %(m—f—' ) and py = AMp1+-FApprtAepe for A = (A1, ..., Ak, Ae) € A

Let FEo be the largest linear subspace in C" on which the Lev1 form of pe on
U is positive definite. It follows from the g-concavity of M and the choice of the
defining functions pq, ..., px that dimFE, > g + k.

[AUT)],
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We obtain some functions w® and ®, associated to the function pe by setting

w36, =232 Za]k (G~ o) + B QoG — o),

k=1
w'(Qz):(WI(C,Z),---, wy (€, %)),
@0(472) = <w.(Caz)a< - Z>a
where the function afgs Js k=1,...,n, is of class C>* on U and satisfies for all
CeU
3 82p0 Oé.

and where @° is the orthogonal projection on the orthocomplement of the subspace
E,.
We set

_2222 G = %) = ; a3, (G — 25)(Ck — zk)-

Then
By (2,C) = Fu((,2) + B|Q* (¢ — )

and consequently

Re @a(2,C) > pa(C) — pa(2) + S IC — 2I%

If A= (A, .., Mk, Ae) € Ape is such that Ae # 1, we denote by A the point in
Ay defined by
s
r iy
A, = T (v

Let us consider a function x. of class C* from [0, 1] into [0, 1], which vanishes
in a neighborhood of 0, is equal to 1 in a neighborhood of 1, and moreover satisfies
Ixe(t) —t| < e forall ¢ € [0,1]. For A\ € Ap,, we set

wl.(€7 Z, )‘) = (1 - )‘ %ZA Zajk Ck - Zk))
J

+(1- xe(A.))AZ@;,;(ck — zx)

8.
ARG Zajk 20))

+X€()‘0)BZQ;1€(Q€ — i),
@Io(cazaA) = <wl.(<727>\),§—z>.

The function ®;, has the expression

Bre(C2,0) = FA(C,2) + (PMN¢C—2),0 — 7),
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where P is the linear operator defined by (1 — x=(Xe))AQY + xc(Ae)BQ®. If ¢ is
sufficiently small, then there exists v > 0 such that

(2.2.6) Re ®1a(,2,0) = pa(€) = pal2) + 31¢ — =%
We define (1)) ez (k,e) in U’ by setting, for J = Te,
W (¢,
’ 7)‘ = %'
N TN TGERY

Notice that |y xuna@wyxa, = ¥r. To these maps, we associate the kernels
Kore(¢,2,\) and Kre((, 2, N), for (¢,2,\) e U' x U\ A(U’) x Agre, defined by

(_1)n(n—1)/2

(227) KOIQ(C; 2, )‘) = (2i7T)n

(Yore, d(¢=2)) A((Oc.2+dx)dore, d(¢—2))" 7,

and by

(—1)nn=1)/2 - n-1
W(W.,d@—z»/\<(8g,z+dx)w1.,d(C—z)> .

We also set for (¢,2) e U' x U\ A(U’),

COIO(CWZ):/)\EA KOIO(szv)\)a

(22.8) Kra(C,2,A) =

CI.(C) Z) = /AGA KI'(C527/\)'

As in Proposition 2.1.1] we have
(2.2.9) 0¢,:Core = Cos(1e) — Clra-
We set

Ey = Z sgn(l)Core and Rys = Z sgn(1)Cra.
IeT' (k) 1€z (k)

In [4], it is proved that

(2.2.10) O¢-En(C,2) = (=1)*Bun (¢, 2) — Ru(¢, 2)

holds in the sense of currents on U’ x U’. The relation (Z23)) associated to 2210)
then shows that the kernel Ry is also a fundamental solution for the 9 operator
on M.

This implies immediately the following integral representation formulas.

Theorem 2.2.4. Let w CC M NU’ with piecewise smooth C* boundary, and let f
be an (n, s)-form of class C' on @. Then
1) form—k—q+1<s<n-—k,

(—1)HI DGR oy — (1)k / FO) A Ralns (G, 2)
(Ebw

+ S () A Ruln,s(¢, 2)

(ew

+ (_1)k+15b e F(O) A [Rmln,s—1(C, 2);
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2) for0<s<gq-1,

(—1) (DS pey — (1) / F2) A Ralon—r—s—1(C, 2)

zEbw

+ Ouf(2) A [Rarlon—k—s—1(C, 2)

+ (=1)k*15, f(2) AN [Rmlon—k—s(C, 2)-

We can describe the singularity of the kernel Rjs in the following way.

A form of type Oy (or of type O4(C,2,A)) on Dy x Dy x Ap, is, by definition, a
continuous differential form f(¢, z, \) defined for all (¢, z,\) € 3; x Dy x Are with
z # ( such that the following conditions are fulfilled:

(1) All derivatives of the coefficients of f that are of order 0 in ¢, and of
order < 1 in z and of arbitrary order in A\ are continuous for all (¢, z,\) €
ﬁ; XE[ X Ao with z # (.

(2) Let V%, k = 0,1, be a differential operator with constant coefficients that
is of order 0 in (, of order k in z and of arbitrary order in A. Then there
is a constant C' > 0 such that, for each coefficient (¢, z, A) of the form
f(¢6 2,2,

|V§90(Ca 2y )‘)| < CK - z|87ﬁ

for all (¢,2,A\) € Dy x Dy x A, with z # C.

Assume ¢ is a monomial in d(y,...,d¢,, dCy, . .., dzn. Then

ARG = 3 sall) [ o nKia(e. & N o

I€T' (k) AEAIe

(2.2.11) o
- —_ 0 i1 o ANO i )
Z o<72r;<k />\EA1. A p (C) A A P (C)

(I)n
’
1eZ'(k) P15 rim €T

Since the manifold M is supposed to be g-concave with ¢ > 1 and consequently
n > k + 1, the integration with respect to A allows us to control | A Rys(z, )| by
a finite sum of terms of the form

lo A Opi, (O) A=+ A Dpi,, ()]
1550 (2, ¢, AY)|[¢ — 2|2n-3k+m=3’

(2.2.12) K =

where A1, ..., A1 are points in Ay, I € Z’(k), which define a system of indepen-
dent vectors of R**T,

2.3. Homotopy formula for the tangential Cauchy-Riemann operator on
g-concave C'R generic manifolds. Let { be a domain in U with C3 boundary
such that the intersection of M with the boundary b2 of 2 is transversal and
w = M NQ is relatively compact in M NU’'. We assume also that Q admits a Leray
section v, ((, z), which is holomorphic in the variable z. For example if  is convex
and defined by {¢ € U| p.(¢) = 0}, one may take w*(, z) = (22=(¢),..., 22=(¢)),

. 01 > OCn
(I)*(Ca Z) = <w* (Cv Z)7 ¢— Z> and w*(Ca Z) = g*gg:;
For each I € 7'(k), we denote by I« the multi-index (i1,...,i,*), where I =
(1, -.,ix), and by Z’(k, *) the set of all multi-indexes I'*, when I describe Z'(k).
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Let ps be a defining function for © in U and assume that dp;, A---Adp;, Adp. # 0
on (.
Let ¢, be a Leray map for the function p.. If A = (A1,..., Ak, A) € A, is such
that A\, # 1, we denote by A the point in A defined by
i,
wETo W

—1,...,0).

Let )O( be a C*°-function as in section 2.1l Then we set for A € Ay,

Z/JI*(C,Z, )‘) =X ()‘*)w*(gv Z) + (1_ X (A*)WJI(Q 2, >‘,)
To these maps, we associate the kernels Kor.((, z,\) and K. ((, 2z, A), for ({,z,\) €
U x U \AU') x Aorx, defined by
(_1)n(n—1)/2

(231) KOI* (C? 2, )‘) = (2i7T)n

($ore, d(C=2)) A((Dc,=+dr)Yors, d(( —2))"
and

(—1)nn=1)/2 - n-1
W(lﬂz*,d@—z»/\<(3g,z+dx)w1*,d(C—z)> .

We also set, for (,2z) e U' x U\ A(U"),

COI*(C?’Z):/ KOI*(Cvzv)\)a
AEA(r«

(2.32) K. (¢ 2,A) =

CI*(C7Z) = /AGA KI*(C7Z7)‘)'

It follows from Proposition ZI1] that

(2.3.3) 0¢,:Cor = Cos(14) — Cra-
We set
Fy = Z sgn(l)Cor and Sy = Z sgn(I)Cy..
IeT/(k) I€1'(k)
Then we get that if (,z € U’, with z # (,
(2.3.4) ¢ 2 Frr (G, 2) = (=1 Bar(C, 2) — Sm(¢, 2).

Replacing I by J = Te, we can define the kernels Cyrq, in the same way as before
and by Proposition [2.1.1] we get

(2.3.5) 0¢,:Cores = Cos(ryes + (—1)*Cors + (=1)*1Cyre — Crres.

Let us introduce the kernel Gar = 3¢ 7/ 880(1)Cres. Then
9¢.:Gu(C2) = (=1)*0¢,=(Fu (¢, 2) — B (¢, 2)),

which implies, using and (2:3:4), the relation

(2.3.6) 9¢.:Gu(G,2) = (=1 (Rur(¢, 2) = Sm (¢, 2))-

Theorem 2.3.1. Forn—k —q+ 1< s <n—k, there exist bounded operators T
from Cp, 541(@) into Cp s(w) such that for each (0,s)-form f of class C' on @ we
have

f=0Ts_1f +Ts0f.
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The operator Ty is the integral operator

k(k—1)

Tyg = (—1)n ) ()20 /( 9(0) A [Rarlns(C. )
cw

+ (~pymhett / 9(0) A [Garlns(C, )

(Ebw
Proof. Using (236, we get for z € w

_1\k 2) = (— k ns(C, 2
(-1) /Cebwf(CM[RM]n,s(C,) (-1) /Cebwf(OA[SM],(C )

+ f(C) A [EC[GM]n,s(Ca Z) + 5Z[GM]n,sfl(Ca Z)]

¢ebw

Since 1. (¢, z) is holomorphic in z, the Leray maps 7. are (¢ + k)-holomorphic
in z in C*. Then [Suln,s, the part of bidegree (n,s) in z of [Sy], vanishes if
s>n—k—q+ 1. Moreover we have

/ Q) AB[CatlmalCr2) = (—1)"F / Be(f(Q) A [Garlnal(C, )
(Ebw

(Ebw
U [ B A Galuale:2)
(ebw
and by Stokes’ formula

/ 5((f(§) A[Garln.s(C,2)) =0,
(Ebw

which proves the homotopy formula using part 1) of Theorem [2:2.4
The continuity on w of the integral fCEw F(C) A [Rumln,s(C,.) follows from the

integrability of the kernel Rjs, moreover as the kernels Gj; are of class C' on
U’ x U\ A(U’) the integral f(Ebw Q) A [Guln,s(C,.) is of class C! in w, which
proves the regulatity of the operator T5. [l

3. HOLDER ESTIMATES UP TO THE BOUNDARY

3.1. A first description of the singularities of the kernel GGj;. In this section
we will describe the singularities of the kernel G in the case when the domain (2
is strictly pseudoconvex. We use the notation of the previous section. Let us recall
that Gar = 3" 7cz(x) 580(1)Crex, With

CI.*(C;Z) :/ KI.*(CaZ7)‘)

AEA e«
and
(_1)n(n71)/2
(2im)™
Let p. be a strictly plurisubharmonic defining function for Q. Let Fi((,.) be the
Levi polynomial of p, at a point ¢ in a neighborhood of bQ2. It follows from the
strict plurisubharmonicity of p. that there exists a positive constant 3 such that
(3.1.2) ReF,(C,2) 2 pu(C) = pa(2) + BIC — 22
for (¢,z) € b2 x Q.

(3.1.1) Kreu(C,2,\) = (V10w d(C—2))AN{(Dc = +dn) 10w, d((—2))" .
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We set
Opx G
wi(62) =252 (0) = D2 ()G — =),
J k=1
w*((,2) = (Wi (¢, 2), ..., wy (¢, 2)),
(I)*(Ca Z) = <w* (Cv Z)v C - Z>,
where the functions Ajgs Jo k=1,...,n, are of class C>* on U and satisfy for all
CeU
* 82p* ﬁ*
We have
(3.13) Re @,(2,0) > p.(Q) — pu(2) + 21 — 2P

The map 9, = f{‘;—: defines a Leray map for the function p,, which is holomorphic
in the variable z.

If A= (A1, ., Ak, Aoy M) € Ajey is such that A # 1, we denote by A’ the point
in Ay, defined by \

r_ iy _
i, = Y (v=1,...,k,e).
Let )oc be a C*®-function as in section 2.1 Then we set for A € Ajex
(314) wlo*(Ca Z, A) :X ()‘*)w*(g7 Z) + (1_ X (/\*))wIO(C7 2 )‘,)

‘We use the notation
W:W(Cvszl) = <wIO(CaZ7)‘I)7d<>7 (I):q)f'(<727>‘l)

and
for ¢ € bw and z € W with z # ¢ and A € Ares \ As.
Let f be an (n,r)-form on @ and set

F(Q) = f(QdG A=+ A dGy.
It follows from (B4 that

(tree,dC) =X N + (1= )2

(B + d)rensdO) = (%~ N) A d X+ X DN + (1= %)

(8Z,< + d)\)W
P

o W —
+(1- X)@(az,g +dy)9.

The kernels C7r,. are obtained after integration on Ajes, although we have only
to consider the part of bidegree k41 in A of the kernel K,.. The differential forms

(0z,¢c +dx)® and (9., + dx)W are pullbacks of differential forms on @ x @ x Ay,

by the map (z,{,\) — (z,¢, ;\), consequently since Ay, is of real dimension k, for
all s =1,2,..., we have

[((9z,¢ + A2 )W) Jacgr=k+1 = 0

and

[((8274 + dA)W)S A (82,( + d/\)(I)]deg)\=k+1 =0,
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which imply
[(Wres, dC) A (D¢ + dx)Vrex, dC)™ ™ Hdegr=i+1

S AN+ -0 A& - Ny na K

Dz,c + d\)W W3 n—
% + (1= X) gz Pc +d0) )" Jacr-.

Noting that W AW =0 and N A N = 0, because W and N are 1-forms, we get

F(O) A Kran (2,6 Naegransr = af () YAV

A (X Do cN + (1= X)

AdX

o — 0 0, W o daW
A(X Do N+ (1— x)%)"”*’“ A (1= X) A@ ),

where a is a constant.

By the definition of differential forms of type O, we have d )OC: Og, Og /\EZ,CW =
Ogp, Og A 52751)* = (07 and also

O NW = ZOQ/\apj(C)—FOl,

j€Ele
Oo NdAW =" 09 A dp;(C) + O,

jeI

Oo AW A (daW)* = Z Ok+1-m A 9piy (Q) A+ -+ A 9pi,, (C),

0<m<k
i1y im €l
oo v = Q012001
= ~Op . 01 AN9ps(C) + Oy
Op /\32,<N = o, + ‘I)g ,
and consequently
[f(O) A Krex(2,¢,A)]degr=k+1
. 1 01 A ap*(g) + 02 n—2—k—s
— Ogb';zik @2_1_k—s¢k+s+1 (Oo + D, )

0<m<k

A (Opg1—m A 0ps(C) A Opiy () A+ A Opi,, ()
+ Ok42—m N Opi (¢) A -+ A Dpi,, (C))-
Using that |®.(¢, 2)| > |¢ — 2|2, we get
[f(O) A Krex(2, ¢, A)]degr=k+1

Ojqo
3.1.5 < k+2—m ‘ o ‘
( ) B 0< ;2_k (I)Z_l_k_sq)k"‘s-i'l A Opiy (O A A Opi,, (O

i1y im €1%, 0<m<k+1

It follows from section 6 and Lemma 7.4 in [12] that, after a partial integration in
A, we can control f(¢) A Cre«(2,¢) by a finite sum of terms of the form

(3.1.6) o A Bpiy (Q) A=+ A Dpi,, (Q)
1. 0 |
D.(C,2) TTE_, 1@(C, 2, A)||¢ — 2]2n=3k+D)4m—1
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where AL, ..., A\F are points in Are, I € Z’(k), which define a system of independent
vectors of R¥t1, and i1,...,4m € I*.

Let ¢ be a monomial in d(y, ..., d¢,,dC,, .. ., dzn, let AL, ..., \* be some points
in Az, that are linearly independent as vectors in R¥T1 and let t, = Im ®(, z, \V)
and dt, = d¢:Im ®(¢, 2z, \”). By the definition of ®, we have

dt, (¢, 2) = i(Dpar (¢) — Ipar(€)) + O,

and consequently

Do (C) = %dmu ©) + %dtV(C, 2) + 0.

As dp;|p = 0 for i = =£1,..., £k, there exist some constant C' and some monomials
or in d¢i,...,d¢,,d¢,,...,d¢, such that for all iy,...,4, € I, m <k,

(o A Opi (Q) A== ABpi, )l C Y low Mer dti] ¢ — 2™,
[L|<m
Set tp+1 = Im 0.((, ) and dtg41 = deIm P, (¢, 2). By the definition of ®., we have
dti11(¢, 2) = i(Dps(C) — 9pu(()) + O,

and consequently

90.(C) = 3p.(C) + S (C,2) + O,

As dpy|p, = 0, there exist some constant C, and some monomials oy, in d(y, ..., d¢,,
d¢y,...,d¢,, such that for all ¢y,...,%p, € I¥x, m < k+1,

(@ A Dpi, (Q) A+ A Dpi, ol < C Y low Mer di| ¢ — 2™
|LI<m

We deduce that |f({) A Gar(C, 2)| is dominated by a finite sum of differential
forms of the type

|05 Ajy dty|

3.1.7 _ |
( ) [L_ (t] + ¢ = 2[2)|¢ — 22—t —s—1

where 1 < s <k +1.
Let X denote the set of the characteristic points of bw, i.e., points where dp; A
Opa A -+ NOpk A Opx =0 on bw.

Lemma 3.1.1. For any continuous (n,r)-form f on @ in C", we have for all
2€w\X and e such that XN{ €bw | [( — 2| <e} =10

(3.1.8) / o Q) A Gl (¢ 2)] < Ce(1 + [logel !

[¢—z|<e

with a constant C', which does not depend on z.
Proof. If ( € bw \ X,
dcIm®(C, 2, ") A . AIm®(C, 2, A% ) A deIm® (€, 2)|c=2
= "0 pra () A oo A Depren (C) A Depa(C)
# 0.

We can choose coordinates on {¢ € bw | [( — 2| < €} such that t; = Im®((, z, \"?),
i1=1,..,k, and tx11 = Im®,.
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Then the assertion follows from the estimate (B.I7) of the singularity at ( = z
of the differential form f(¢{) A [Gar]n.r(C, 2). O

3.2. Holder estimates up to the boundary. We are now ready to prove some
regularity up to the boundary for the integral operator

T, f = (— 1) DF | QAR (6.)

(-1 / F(O) A Gt (G, )

¢ebw

Let f be a continuous (n,r + 1)-form on @. Let us notice that by (2:2.11)) and
(BI5) the integrals fCEw F(O) A [Ra)n,r (¢, 2) and fCEbw F(O) N [Gumlnr(C, 2) are of
the same type. Since w and bw are respectively of dimension 2n—k and 2n— (k+1),
and I and Ix are respectively of length k and k + 1, we can deduce the regularity
of one of the integrals from the other by exchanging k and k£ + 1. As bw may have
characteristic points we will study f(ebw F(O) AN [Gumlnr(C,2). As before we will
denote by ¥ the set of characteristic points in bw.

Lemma 3.2.1. Let I € Z'(k), and let a and b be two integers such that a+b = n+a
witha=0or 1, 8 €Z ande > 0. Then

o= |

Cebw
e<|é—z|<C

< O (P22 1 Cy)(1 + | loge] )+t

Okt2-m+8
——————0pi, \---NIp,
/)\GAIQ* (bg(bb '

foralliv,....ipm €Ix, 0<m<k+1.

Proof. Outside ¥, we can choose t; = Im®((,2z,\"), i = 1,...,k, and tp41 =
Im®, as coordinates. This is not possible near the characteristic points. However,
following a device used in Range-Siu [17], one can replace these functions by second-
order polynomial approximation.

It follows from [12] that, after integration in A, J,, g is bounded by some integrals
of the type

> e
T Xiﬂg&_\(;gl) Hi:1(|XV| + |X|2) |X|2nf(k+1)7571+2a7,8
dX
<

- Z /XER%—(HM [T, (IX, ]+ [X]2) [ X/ [2n— (D) —s—1+2a—F

1<s<k+1" «<|X'|<0, |X|<C

< 1 dX
+s Z b [ xerzn—(e41) [T, (IX, ]+ [X7]2) [ X7 2n= (et —s—142a—F—p

1<s<k+1 |X/|<e

with X = (X3,..., X, X’) and p such that
is integrable at zero.

1
H§:1(|XV\+|X'\2) ‘XI|2n—(k+l)—s—l+2a—[f—;t
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Then we get

dX
/ xer2n—(k+1) Hi:1(|XV| + |X’|2) |X/|2n—(k+1)—s—1+2a—ﬁ

e<|Ix’|<C, |X|<C

< © (log(C + 7?) — logr?)*dr
— R r2a—p

< O — O 2 (log(C + C?) — log £%)°

and
1 dX
o Jxesen o T UK, [+ PO X Gor-- iz
< 1 (¢ (log(C +1?) —logr?)*dr
<@ -

< C'PHIT20(1 4 Jloge|)®.
U

Theorem 3.2.2. The integral operators T, 1 < r < n—=k, are continuous operators
1_¢
from Cp, (@) into C; .~ (w).
Proof. Let z1 and 29 be two points in w. We have
Guf(21) = Gu f(z2) = \ FO N (Gu(21,¢) — Gu(22,Q)),
ce

and consequently

Gufle) =Gt < [ L 1O Gurlenn )~ Garlaai )

1
[¢—211<2]21 —22]2

+ |F(O) A (G (21, €) — Gar (22, Q)]

(Ew

1

[¢—211>2]21 —22]2

As Gy is a linear operator, we may assume that f is of the form f = fa, with fa
continuous function and ¢ a monomial in d¢y,...,d¢,,d¢,,. .., d¢,. Then we get

Cuufe) = Carf ) < Wl [ e 1o A (Gare1,0) = Gaa (a2, O)

1
[¢—21]<2]21 —22]2

il [ oA (G0~ Gurlaa O

1
[¢—z1122|21—22]2

Thus we have to estimate the integrals

7 :/ o A (G (21, 0) — Gor (22, ),

CEwW )
[¢—211<2]21—22]2
Jo = lo A (Gar(21,C) — Gar(22,Q))]-

(ew
[¢—z11>2]21 —22]2

Without loss of generality we may assume that |z; — 22| < 1. Note that

lo A G (22, Q)]

Cew

Ji S/ e |U/\GM(2'1,C)|+/

1 1
[(—211<2]21—22]2 |[¢—29|<3|21 —22] 2
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It follows from Lemma B T.T]that, away from the characteristic points of bw, we
have

Ji < Clz1 — 22| (1 +log |21 — 2z|)F 1.

Near the characteristic points, one again uses Range-Siu’s trick to prove the esti-

mates.
We deduce from the definition of J» and from (3.1.5) that

Jy = Z | A(zlv C? )‘)
- (C AN EWwXAT, n—1—k—s kts+1
TET/ (k) ¢y 15201 —2n|3 . (Zl,C,)\)‘I) (217C7/\)

_ A(ZQ7 C7 /\)
@2_1_k_8(227 C? )\)q)kJrerl (227 C? )‘)

o ADpi, () A+ A Dpi,, ()],

where A(z,(, ) is a smooth function in z, which is Ogta—m, i1,...,im € I,
0<m<k+1and 0<s<n-—2-—k We may write

A(Zl,é',)\) . A(ZQ,C,)\)
(I)lz—l—k—s(zl, C,N)PF s+ (21, ¢, A) (b;fz«*l*kifs(227 G A PR+ (25, ¢, N)
B A(z1,C, ) — A(z2,(, )

(I)f_l_k_s(zh C7 )\)(I)kJrerl (Zlv C’ )\)
1
+ A(22,¢, )\)[@2_1—k—3(21, GO (2, ¢, )
1
- (1)117171@75(@,C7)\)¢k+s+1(22,g7)\)]'

Using Lemma B2 I with « =0, 8 = —1 and € = 2|z, — 22|%7 we get

Jé — Z | 1i(zlagv)‘) _A(Z27C7/\)
(GA)EWX AT, n—l—rk—s k+s+1
TET' (k) (co sy (2221 —2p|2 . (21,6, 1)@ (21, G A)

|
< Clz1 — 2| (1 + | log |21 — za|)F*,

since |A(Z15 Cv )‘) - A(227 C? /\)| < |Zl - 22|Ok+1—m'
The function ®(z,(, A) and ®.(z,{, A) are of class C* in z and consequently

|(I)(Zl,<',>\) - (I)(ZQaé'v)‘N < C|Zl - Z2|'

Moreover noting that if | — 21| > 2|z, — 22|%, then % < IE:ZI < 2, we get
1 1
q)filikis(zla Cv )\)q)k—i-s—i-l (Zla Cv )‘) (bfilikis('z% C7 A)q)k-l—s-i-l (227 C7 A)
|21 — 2|

<C .
B a+§+1 (I)‘: (ZQﬂ 4'7 A)(I)b(z% C? )\)
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Using Lemma BZT with a = 1, § =0 and € = 2|z, — 22|%7 after integration in A,
we have

1
Z= 3 /ME Y [Ny | p—
A EwXAg, n—1—k—s k4s+1
IeT/ (k) ‘4721‘22‘21722‘% D (Zl,é',A)(I) (Zlaé'vA)

1
a @2_1_k_s(z27g7 )\)@k+8+1(z27g7 )\)]
< Clzy — 2|21 — 22|72 (1 + | log |21 — 22|

)k—i—l
1
< Clzr — 2|2 (1 + |log |21 — 2o |)FF1.

It follows then that Jy < C|z; — 2|2 (14 | log |21 — 22||)**+1, which finishes the proof
of the theorem. O

Proposition 3.2.3. Let f be a continuous (n,r + 1)-form on @, and let v C bw be
a complex tangent curve in bw. Then f(Ebw [£(O) A [Gulnr(C,2)|y defines a form

of class C17¢, 0 < e <1, on .

Proof. The proof is analogous to the proof of Theorem We will cut the
integrals in the following way:

Gt f(z1) = G f(z2)] < v QA Gu(21,0) = G2, )
[¢—211<2]z1 —22]

+ ceq |f(C) A (GM(Zla C) - GM(ZQa C))'
[C—z1122]z1 —22]

To estimate the first part we use Lemma [ 1.1 with ¢ = 2|21 — 23|. To study the
second part we notice that the functions ®(z,{, A) and ®.(z,{, A) are of class C*°
in z and moreover their gradient vanishes to order 1 in z = ( along the complex
tangent curve -y; consequently

|q)(zla<'7>‘) - (I)(22a<'7>‘)| < |Zl - 22|017
|(I>*(217C7/\) - (I)*(ZQan)‘” < |Z1 - 22|01'

Then using Lemma B 2T with o = 1, § =1 and € = 2|21 — 23| we get the estimate
of the second part. O

4. LP ESTIMATES OF THE SOLUTION

4.1. A new solution kernel. In this section we assume, as in the previous one,
that w is the intersection of M with a strictly pseudoconvex domain € with C®
boundary. Let p, be a C3 strictly plurisubharmonic defining function for Q such
that the Hessian of p, is positive definite on .

For any f € C(, (@), we let

Ilf = f(C) A [RM]n,sfl(Cv )

(Ew
and
Bf = (1" [ QA G
¢ebw
be the operators constructed in section[Z3l In order to facilitate the estimates, we
shall derive another solution operator for d,. The integral I; has integrable kernel
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and can be easily estimated. We shall rewrite I> f as an integral on w to facilitate
the LP estimates. To do this, it is necessary to modify the kernel [Gas]n s—1 so that
Stokes’ theorem can be applied.

As in section Bl we associate to p, a Leray map v, =

w*

where the support

function @, satisfies "
(4.11) Re @,(C.2) 2 p.(0) — pul2) + 21 — 2P
We define a new support function @, for P, by setting
®.(C,2) = u(C,2) — 20:()-
It follows from (EEIT]) that
(112) Re §.(C.2) 2 —p.(0) — pa(2) + 21¢ 2P

for all ¢,z € w. Thus Re CT)*(C, z) vanishes only when ¢ = z and (, z are both in
bw. Also we have

®,(C,2) = ®,(¢,z), when ¢ €bwand z € w.

Define the new kernel [Gas]n.s—1(C, z) by modifying [Gar]n.s—1(¢, 2) with @, sub-
stituting for ®,. More explicitly, a typical term in [Gas]n,s—1(C, #) is of the form
1 O1 A 8pi(<) + 02 )n—Q—k—s

4.1.3 / — Oy +
( ) AEA T, el (I)f_l_k_S(I)k-i-s—H ( ‘I)*

0<m<k

A (Okt1-m A Op«(C) A Opiy (C) A -+ A Dpi,, (€)
+ OkJerm A apil (C) ARRENA apim (C))v

where 1 < s < k.
Since

[éM]n,s_l(C, z) = [Gumln,s—1(¢,2), when ¢ € bw and z € w,

we shall substitute [éM]n,S,l(Q,z) in Inf for [Garln,s—1(C, z). The advantage is
that [Ga]n,s—1(¢, z) and its first derivatives are integrable for each fixed z € w
since @, satisfies (1.2). Thus for any z € w, by Stokes’ theorem and a limiting

argument (substituting ®¢ = ® + ¢ for ® and letting € *\, 0), we can write, for any
[ € Cn (@) such that df =0 on w,

Lf(z) = (-1 / £ A Crtlns 16 2)

(Ebw

= (=)™ [ 9c(f(C) A [Crrln,s—1(,2))

CEw
= / f(C) /\EC[éM]n,sfl(Caz)'
CEw

Define

k(k—1)
2

(4.14) Tyoof = (=1)HIEDF [ FOA[BM]ns-1(C0)

(ew

+ [ Q) ABGulns—1(C, ).

CEw



ESTIMATES ON CR MANIFOLDS 171

We have derived the following:

Proposition 4.1.1 (Second solution operator for dy). Let M be a strictly g-concave

manifold in C™ with 0 € M. Let Q be a sufficiently small strictly pseudoconvez

domain containing 0 in C* with C? boundary and with w = M N . For any

J € Cln,s) (W), wheren —k —q+1 <5 <n—k such that Ohf =0 on w, we have
k(k—1) —

ﬂ@=@ﬁ”““m'2&4@f©Ammw4@J

(4.1.5) + [ O ATl 2]
Ew
= 8ijjs—lf-
Moreover fg_lf 18 continuous on w.
Notice that 9;® = O(|¢ — z|) and P, = O(|¢ — z|) — Fep«. From @EI13), it

follows that 0¢[Gar]n,s—1(¢, 2) can be bounded by sums of terms of the form
(4.1.6)

[ = L gy QAP0
AEATes g<ssmoak Pk s phtstl 5.

0<m<k

* * (I>*

)

A (Ok—m N Op«(C) NOpiy () A=+ ABpi,, (€) + Okr—m A Opiy (O) A -+ A i, ()
or

(4.1.7)
1 Oo , 01 O 01 OpAdp.(Q)
//\EA[.* vl (’I;:}—Q—k—s(bk_i_s_i_l((’l;* + (’fz + q) + @2 + $g
T0<m<k
Op A Ips O_1 N 9ps(O) A Dps

L O ~P(C)+ 1 pN(C) p(C))

32 32

01 A Op, 01 A dp, Op A 9ps(C) A Dps
00+ 2 &)p(C)Jr 1 &)P(C)_’_ 0 p%) p(C))

A (Okg1—m A 0ps(C) ADpiy (O) A+ ADpi,,. (O) + Okgpa—m ADpiy (O) A+ A Dpi,. (C))
or

(4.1.8)

1
//\GAI-* 0<s<n—2—k ;I;:}_l_k_s(bk-i_s-i_l
T0<m<k
O1 A Ops O1 A Ops Oo A 0p«(C) A Dps
0y + 9p(Q) | 017 9p.(C) Qo N Opu(Q) p(C))
P, P, P,
A (Ok—m N 0p«(C) N Opiy (C) A -+ AN pi,,, (C) + Org1—m A Opi, () A+ Api,, (€)),
where 1 < s < k. B o
Setting o = 1 or 2 and using |®. (¢, z)| > |(—z|?, we can control O¢[G ar]n,s—1((, 2)

by finite sums of terms of the type

OkJrlfm A 9
Fan—a—k—s fk+s+a m;
AEA o4 q)* Phtst
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where ©,, is a monomial of length m in dp;,,...,dpi,,,0p«((),0ps(¢), 1 < m <
k+2.

Let ¢ be a monomial in d(y,...,d¢,,d¢,,. .. ,dzn, and let A!,...,\* be some
points in Aze, which are linearly independent as vectors in R¥T1. After integration
in A, |o A 9¢G | is dominated by

J_ |o A Oy
.| TTE_, [®(2, ¢, AV)||¢ — 2|2n-3ktm=3

with 1 <m < k+ 2.

(4.1.9)

4.2. LP estimates for the kernel. Next we shall estimate fs_lf in LP spaces. To
estimate the solution kernel, it suffices to estimate the kernels K ((, z) and J((, 2)

defined in (2:2:12) and (@I9) respectively.

Since all the kernels only have singularities when ¢ = z, we shall estimate the
kernels when U = {|{ — z| < €} are sufficiently small. To estimate K((,z), we
use the change of coordinates ¢ — ¢ such that t, = Im®(z,(, "), v =1,...,k, t =
(t1,...,tk,t'). This is possible since dc®((, 2, A\)|c=. = Ipr(¢) and Ipy» = —pxv
on w. It follows that dpy» (¢) = $(Iprr — Opar) = idcIm®(C, 2, \Y)|¢=-. Thus,

Ipar (Q) = idIm®(C, 2, A7) + O(|¢ — z]).

k are independent vectors in R**! and ¢ € w,

Thus, since M is generic, if A',... A
deIm®(C, 2, A1) A o AdeIm®(C, 2, AF)| o=

— ikagpAl(C) Ao N Ocpar(Q)
# 0.

We then get

lo A Opiy (C) A=+ A Dpi,,

<C Z oL Nier dty| 1€ — 2™ IEL

0<|LI<m

where L = (I1,...,ljz|) is a multi-index of length |L| < k contained in (v1,...,vx)
and C is some constant.
Using these coordinates for K((, z), it suffices to show that the functions

Ko(t) It <1,

= [t[2n—F-1’

and, for 1 < s <k,

1
[Ty (] + [e2)[efer b=t

are of weak type %, where t = (t1, .o, by ooy ton—k)-

To estimate J, we note that the kernel is more singular at the boundary point.
Thus we assume that ¢ € bw and omit the others.

Let X denote the set of the characteristic points, i.e., points where dp; A Opa A
. NOpr A Opx = 0 on bw. We first assume that ¢ is not a characteristic point. We
may assume that U NY = @ for sufficiently small U. We choose special coordinates

forwnNU.
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Let t, = Im®({,z,\), v = 1,...,k+1, as before, and let (11, ...,v,) be a multi-
index contained in (1,...,k + 1). We set t, = Im®, = Im®,.. For ¢ € bw, we
have B

Decps = idcmBo (¢, 2) + O(C — 2]).
Thus, if € bw \ &,
deIm®(C, 2, X)) Ao A deIm®(C, 2, AF) A dglmé*((, 2)|c==

= "0 paa (Q) Ao A Bepaen (€) A D ps(€)

# 0.
Also, using dp1 A...Adpy Adr # 0 on bw, we can choose p,(() as a coordinate function
near bw in U Nw such that ¢, = Im®(, z,\"), i = 1,....,k, tp41 = Im®P, = Im®,
and tg4+2 = p«(¢). Under these coordinates, the kernel J((, z) is bounded by

1

Ko (t) = — 1<s<k+2
O = T Qe+ Py
Lemma 4.2.1. For 0 < A < oo, we have
dtq...dton_
K, (t) dtq...dtop_ = / 3 < 00,
< " ij<a TTicy (1] + [E2)[e[2r kst
where 0 < s < k+ 2. Moreover
/ [Ko(8)]P dby...dtan s < 00,

[t|<A

forp< %, and the function K4(t), |t| < A, is of weak type %

Proof. The first assertion can be verified easily by integrating over t; variables for
i=1,..,s Let t = (tsy1,...,ton—x). We obtain

/ dty...dton—k

t1<a Tli—y (il + [E2) [t

</ (log [t'])*dtys1...dton—_k
[t'|<A

|t/|2n7k7571
< Q.

2n—(k—s)

In the same way, we get for 1 < p < T (h—s)=T"

dty...dtan—k
Ks()]P dty...dtop—k :/ 3
/t|<A[ | ! t<a Tli= ([t] + [¢2)p[e|Grks=be

< dtsqi...dlon—g
= Jiwj<a |t2P= D]t/ (n—k=s—1)p

< o0.

Let S5 be the subset
Sy ={teR¥™F |t| < A, | K,(t) > \}, A >0,

and let m be the Lebesgue measure in R>*~*, We shall show that there exists a

constant ¢ > 0 such that
2n—(k—s)
¢\ Zn-G—s-1
m(S3) < (X) , for all X > 0.
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Set t' = (ts41,.--,tan—k). Then we have
_ ks 1 1 )
m(S5) < m({t € RH P < 4 ] < S = L8

Consequently
1 n—(k—s
i (3)2n=FFs-1 p2n—k—s—1 . ¢ %
m(S3) < C/O Nopsn—k+s—3)  \ :
O

Lemma 4.2.2. The kernels Ry((,z)and 9¢Grn (. z) are of weak type 52~ and

2n+2
2n+1

respectively on w uniformly in ¢ and in z.

Proof. From the previous discussion, the lemma follows from Lemma B2 T near the
noncharacteristic points when ¢ ¢ . Near the characteristic points, we can again
apply Range-Siu’s trick and estimate the integrals J as a finite sum of integrals of
the type discussed in the previous lemma. This proves the lemma. O

To get Holder estimates for fs,l f, by the Hardy-Littlewood lemma, we need to
control the gradient V,Ts_1f. _
It follows from the definition of the kernels Rj; and 0.G s that V, Ry is con-

trolled by o o
/ ( k—m + kJrlfm) A @m7
)\EAI.

P (I)n—i-l
where O,, is a monomial of length m in dp;,,...,dp;, , and that szg_lf is
bounded by

/ Ok—m Ok—i—l—m Ok—i—l—m )
A

e t= + = NG
N (b'ffafkfsq)k-i-s-i-oz (I)lzfafkferlq)k-i-s-i-a fl)f*afkfsq)k-i-s-i-a—i-l ms

where ©,, is a monomial of length m in dp;,,...,0pi,,,0p(C),0p+(¢), 1 < m <
k+2.

Choosing the same coordinate system as before, we have to estimate, for 1 <
s < k + 3, the integrals

g / dty...dton,
T Jiea ILo (6] + d + ) fe2n ks
dty...dtop—k
< (T (sl 4 d o+ [e2)fef2n =) 558
for each z € Dy N Q, with d = dist(z,bD; N Q).
Using estimates similar to p.289 in [6], for 1 < s < k + 3, we get

J,<Cd 7% >0,

H, =

an—(k—s)—1

H, <Cd =~ ani2
Consequently, from Holder’s inequality,
(VTsor f < C || flloodist(z, bw) 275, € > 0
IV-Toer f| < O |l llzns2dist(z, bw) 7.

Thus, by interpolation, we have the following estimates for smooth 0,-closed
forms.
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Proposition 4.2.3 (LP estimates of 9, for smooth forms). Let M be a strictly q-
concave generic CR manifold in C™ with 0 € M. Let € be a strictly pseudoconvex
domain containing 0 in C"* with C? boundary and with w = M N Q. For any
fe€Cw),l1<p<ocandn—-k—q+1<s<n-—k, Ts_1f defined by @14
satisfies the following estimates:

() 1Tacr fIl gosz . < Cllfllur. for any small e > 0.

(2) ||T5,1f||L,,/ <C\fllLe, where % = ]—1) — 2n1+2 and 1 < p < 2n+2.
(3) ||Ts_1f||Lp/ <C\fllLe, wherep=2n+2 andp<p' < co.
(4) | Te1fllco-e < C||fllLr, where2n+2<p< oo, a= i- "Tfl and € > 0.
(5)

5) | To-1flly—c < Cllfllz=, > 0.

In order to prove Theorem [LO.2] we need the following density lemma.

Lemma 4.2.4. Under the same assumption as in Theorem 1.0.1, the set of Oy -
closed forms in C(, s (W) is dense in the set of Op-closed L{’n 5 (w)-forms in the

Li’ns)(w) norm where l <p<oo,n—k—q+1<s<n-—k.

Proof. Let a € L{’n S)(w) and 0y = 0 on w. We approximate a by C' smooth (0, s)-

forms o € C(lms) (@) such that oy — a in L’(’nﬁs) (w) and dpay — 0 in L€n,s+1)(w)'
This is possible by Friedrichs’ lemma. When s = n—k, the lemma is already proved
since every form is Op-closed. We assume that s < n— k. Since Oy is a continuous
0Op-closed form on a slightly larger set w; D w, where [ — oo and (), wi =W, we can
apply Proposition to Oy on wy (sincen —k—q+1<s<n-—k,) to find
(0, s)-forms v; such that

{ v = Opay on wi,

ol

p o S @llObailly

(n,s4+1)
where ¢, is a constant independent of [. This is true since the constant proved in
Proposition [£:2.3] is independent of small perturbation of w. We set

o = —
then o € C,, 5 (@). It follows that o] is dj-closed and o] — o in LV )(w). This

(n,s
proves the lemma. O

Theorem [[.0.2] can be proved for any d-closed o with LP(w) coefficients using
an approximation argument. _

Using Lemma [£2.4] there exists a sequence of dy-closed forms o, € C(, ¢ (@
such that o/, — « in L’()nys)(w). We can apply Proposition .23 to o/, to find a
(0,5 — 1)-form w,, such that

Opm = o, on w,
and
!
ol < colloullir, o

Thus, some subsequence of u,, must converge weakly to some (0, s — 1)-form u such
that u satisfies Opu = o on w and

< cpllallry

HUHL?;,,S—m(w) P
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Assertions (1), (2), (3) of Theorem [[L0.2] are proved. In order to prove (4) and (5)
of Theorem[L.U.2, the above argument cannot be used. Going back to the definition
of the operators Ty, it is easy to prove that for any f € C}L7S(E)

(.2.1) =BT 1 f+ToByf + (—1) okt 0, C By f (O MG ulns-1(C, 2).
Cw

By Friedrichs’ lemma, the relation (£2.1)) extends to any f € L? . (w) such that

(n;s)

opf € LY )(w), p > 2n + 2, since all the kernels involved in the formula are

(n,s+1
of weak type at least gZﬁ Consequently if f € Lfn,s)(w)7 p > 2n + 2, satisfies

Opf = 0, we still have f = 0T, f and the estimates can be done as in Proposition
4. 2.0l

Corollary [[LTL3] follows easily. The proof of Corollary[[LTL3is exactly the same as
in Shaw [19] for the strongly pseudoconvex case. As usual, the Hodge decomposition
and the existence of the d,-Neumann operators given in Corollary [C0L4 can be
deduced from the classical Hilbert space theory.
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